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synchronous-reactive motors with permanent magnets, which makes it possible to take into account the
geometric parameters of the location of magnets in the motor excitation system. According to the
results of numerical experiments on the calculations of the magnetic field by the finite element method
in the plane-parallel formulation of the problem and subsequent regression analysis, five-dimensional
polynomial dependences of the derivatives of flux linkages and torque on current and angular
coordinate were obtained, which make it possible to identify a generalized mathematical model of a
synchronous reactive traction motor, both with a non-sectioned and sectioned rotor, for a metro car.
When conducting regression analysis, a rational order of the function approximating the flux linkage of
the motor phases and its derivatives, as well as the electromagnetic torque, was determined. For a
synchronous jet motor with permanent magnets, the following are determined: the number of
harmonics is 7, the degree of the polynomial is 3 with a maximum deviation of 2.62 % for a non-
sectioned rotor and 2.79 for a sectioned one.
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XapxiecoKuti HAYIOHAILHUL MEXHIYHUL YHIBepcumem MiCbKo20 20Cno0apcmea imeHi
O M. bexemosa

eyn. Yepnoaenaziscvka, 17, m. Xapkis, 61002, Ykpaina

3ATAJBHI NIJIXOU 10 CTBOPEHHS MATEMATHYHOI MOJIEJI
CUHXPOHHO-PEAKTUBHOI'O IBUI'YHA 3 NOCTIMHUMHA MATHITAMU
JJISA EJJIEKTPOTPAHCIIOPTY

Anomauia. Cmamms po3ensioae nepcneKmueti mMemoou wooo CMEOPeHHs MAameMamuyHux mooenell
MA20BUX CUHXPOHHO-DEAKMUBHUX OB8USYHI8 3 NOCMIUHUMU MASHIMAaMu, KA HAOAE MONCIUBICD
8DAXYBAHHS 2€0MEMPUYHUX NAPAMEMPIS POIMAULYBAHHS MACHIMIG ) cucmemi 30y0xcenHs 0gueyHa. 3a
Ppe3yIbmamamu YUcenbHUxX eKCnepuUMeHmis ujo00 po3paxyHKie MACHIMHO20 NOJs MemoOOM CKIHUEHUX
e/leMeHmis y NI0CKONApaenvtitl NOCMano8yi 3a0adi i no0aIbUo20 peepeciino2o aHauizy ompumaHo
N AMUBUMIPHI  NOJTHOMIAILHI 3ANEeHCHOCMI NOXIOHUX NOMOKO3YeNleHb Ma MOMEHMY 3a CmMpyMom md
KYMOBOK KOOPOUHAMOW, AKI O0aiomb MONCIUBICMb 10eHMUDIKysamu y3a2aibHeHy MamemMamuyty
MoO0enb CUHXPOHHO20 PeaKmusHOo20 MmA208020 OBULYHA, K 3 HECEeKYiaHO8AHUM MAK i CeKYiaHO8aHUM
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pomopom, 0ist mempogaony. IIpu npogedeni pecpecilino2co ananizy 8UHAYEHO PaAYiOHANbHUL NOPIOOK
@yHKYil, WO anpoxcumye NOMOKO3YenieHHs ¢haz O08ucyHa ma Uo20 NOXIOHUX, a MmMaKodic
eeKMPOMACHIMHO20 MOMeHmY. [l CUHXPOHHO20 PeaKkmuHo20 O8U2YHA 3 NOCMIUHUMU MAZHIMAamu
BU3HAYEHO. YUCIO 2APMOHIK 7, CMYNiHb NOJNIHOMA — 3 NPU MAKCUMAlbHOMY ioxunenHi 2,62 % ona
Hecekyianosarno2o pomopy ma 2,79 — 015 cekyiano8anozo.

Knrwowuoei cnoea: msazosuii 08ucyH, noCmiuHuil MazHimu, eleKmpompaHcnopm, cucmema 30y0iuceHHs,
NOATHOMIANBHI 3A1€HCHOCE NOMOKO3UENTIeHb.

Introduction. Today, world practice involves the use of traction electric drives
with asynchronous motors in railway rolling stock, as well as in industrial and urban
transport. In Ukraine, powerful asynchronous electric drives are used in urban electric
transport and on main railways [1].

The main advantages of a traction asynchronous electric drive are high energy
efficiency, optimal mass-dimensional characteristics, reliability, simple design and long
service life. However, the need to reduce energy consumption and increase the resource
of rolling stock poses the scientific and technical community the task of further
improving asynchronous traction electric drives, as well as research and development of
alternative types of electric drives [2].

One of such alternative approaches is the use of synchronous motors with
excitation from permanent magnets [3]. However, a significant mass of high-coercive
magnets significantly increases the cost of production of such electric motors.

Analysis of previous research. One of the directions of creation of promising
energy-saving technologies for metro cars is the use of traction drives based on
synchronous traction motors. This type of traction motors provides high efficiency
indicators at partial power of the traction drive and high accelerations during
acceleration and braking of the train [4].

Let us consider the main provisions on the creation of the main element of the
mathematical model of the traction drive — a synchronous motor. Due to the fact that
high energy indicators of synchronous motors are achieved due to the use of a magnetic
system with a complex distribution of magnetic flux, the mathematical model must take

into account the geometric features of the rotor and stator of the motor [5]. Such a model
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Is created on the basis of the level of a generalized mathematical model. The motor can

be represented as a system having N;, electrical and Min mechanical coordinates
(inputs). For most synchronous motors of modern and promising types, the number of
mechanical inputs (shafts, armatures) is equal to one. Therefore, in the following M;, = 1
(Fig. 1).

Statement of the task. The purpose of the work is to develop and identify the
parameters of a mathematical model of synchronous jet traction motors with permanent
magnets for a metro car.

Tasks of the work. 1. Based on the Lagrange equation for an electromechanical
system, develop a mathematical model of a three-phase traction motor. 2. Identify a
mathematical model for the case of a synchronous jet traction motor with sectioned and
non-sectioned rotors.

Research results. Let us choose the following generalized energy parameters of

the engine: generalized coordinate ¢ , generalized velocity ¢, generalized force

impulse p, , generalized force Tk . For a mechanical system, the generalized coordinates

coincide with the mechanical description, the generalized coordinate is the angle of
rotation of the rotor, the generalized velocity is the angular velocity, and the force is the
moment. When choosing electrical coordinates, we will apply the method of
electromechanical analogy [4, 5] for electromechanical systems (Fig. 1).

The electrical energy of an electromechanical system, which is stored in the
system, consists of potential energy and kinetic coenergy. This means that if we define

the charge g as a generalized coordinate ¢, , then the electrical stored energy will be

defined as potential.
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Fig. 1 — Structural diagram of the mathematical model of a traction motor

Considering the action of a non-conservative force Q« on the k-th coordinate S«
together with the conservative forces of the system, according to d'Alembert's principle,
for dynamic equilibrium the total sum of all forces, including non-conservative ones,

must be zero. The Lagrange equation of the second kind for the system has the following

a_L_g(a_k]_[ﬁ_Ej+kao,
o, dt\de, ) 9,

where L — Lagrangian force function, F — Rayleigh function describing the losses in

form

(1)

the system.

After determining the generalized coordinates, we choose the Lagrangian force
function, or Lagrangian, which we will use to obtain the equations of motion. The
Lagrangian is defined as the difference between the kinetic co-energy and the potential
energy V | i.e.

L=T-V_ (2)

In traction motors there is only one mechanical coordinate, so the main energy
parameters can be presented in Tab. 1.
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Table 1 — Main energy parameters of a synchronous traction motor
Energy parameter Electrical parameters Mechanical parameters

K 12,.M M +1
Sk G, 0,0y 7
Sv Iy, 0,y 0]
P Y1i¥ar-¥n Jo
— £, 0 0
Qk U]_, U2,.. UM l\/'r

Where k — generalized coordinate number, M- number of electrical 1,2.M
coordinates (windings) of a synchronous traction motor, G G- Gu _ charges in the

windings of a synchronous traction motor, by _ generalized velocities — currents in
the windings 1,2..M, 1,2..M — generalized pulses — flux linkage in the windings of a

synchronous traction motor, U, U,,.. U, — generalized non-conservative forces —

voltages applied to the windings of a synchronous traction motor, 7~ — generalized
mechanical coordinates — displacement of the moving part or the angle of rotation of the
rotor of a synchronous traction motor, @ — generalized mechanical velocities — angular
velocity of rotation of the rotor of a synchronous traction motor, J- moment of inertia of
the rotor of a synchronous traction motor, M generalized non-conservative forces —
force and moment of resistance.

Through generalized variables, we write the expressions for kinetic co-energy and
potential energy for the conservative part of the system according to the following
equations:

- Kinetic co-energy
G A M+L

T = .[ épk(gl""’gM+1;é-1""’;M+1;t)jg‘-k

0,..0

©)

- potential energy
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Gse-Am+a M +1
= .[ Z_ fk(gl""’gM+l;t)dgk
0,.0 k= (4)
Taking into account the generalized coordinates and expressions for kinetic
coenergy and potential energy for the conservative part of the system according to

equations (1) and (2) establishes

T :%.sz WG iy )+
0

+'flPB(o,i2',...,iM 7)di +...+IT\PD(O,O,...,iM',y)diM'.
0 0 (5)
V=0 (6)
The kinetic coenergy for the magnetic field, according to the d'Alembert principle,
Is carried out by integrating over different contours, so the sequence of integration of the
phase flux linkages can be any.
The conservative Lagrangian is equal to the kinetic coenergy
L=T, (7)
The relay loss function is the sum of the ohmic losses in the motor windings and
the friction losses in the bearings, which depend on the speed of rotation in the motor
and the drive.
F :l(ﬁlrkik2 +aa)2)
2% , ®)
where @ —friction coefficient in the bearings of the traction motor and drive.
Transforming expressions (1), (5)-( 8), taking into account the corresponding
derivatives in generalized coordinates and velocities, we obtain the equation of the

motor windings for the electrical coordinates

U _ d glk(llylza"'!IM ’7/) _ rkik :0

‘ dt

: (9)

and for the mechanical coordinate — the moment equation
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T )+ 100 )+ 7,004, )|
oy (0

—-J—-aw-M, =0
d

Considering the most common three-phase circuit of semiconductor converters,
we consider the following model of a synchronous traction motor for the case of the
number of stator phases M=3. We consider that the electromagnetic torque of the motor
can be determined by the expression [4, 5]

a[!&ffl(il JALiy,)di; +£5U2(0,i2 i,,7)di, + gaflM(O,O,i3 ,;/)dis}

M, = . 11
m o (11)

Since in our case the flux linkage is a complex function that depends on all
generalized coordinates, the general derivatives of the flux linkages can be transformed

into the following form:

d¥, z(@ﬁ” .%}8% dr
dt =l o dt oy dt (11)
Let us substitute (11) into the system of equations (9) and perform the level of the

motor's electrical circuits in the following form:

%La% '%j+aa% -+ rlil :U11 %[awz °%J+8TZ -+ r2i2 :U

2

n=1 al dt n=1 OI dt 8

- B : 4 (12)
% a% AL +65U3 o+, =U,.
il ol dt oy

To transform equations (12) of the motor's electrical circuits into the form of a

di, di, di;

Cauchy problem, we solve the system of equations with respect to the dt ' dt ' dt
derivatives, solving which by Cramer's method we obtain an expression for the

derivative of the kth current in the form
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8%”1 8?”1 Ul—a%-a)—rlil 8_9”1
a, o, oy (1K) al,,
aa.yz ayjz |:U2_ayjz'w_r2i2:| 85”2
o, 0, oy (1K) al,
8&_113 6'{’3 UM—a%-a)—rsg 8‘{’3
di, |9, a, dy Ji=0 ol 13)
dt 0¥, oY, oY, !
Ol o, o,
0¥, O0JY, 0%,
ol al, ol,
0¥, OJY, 0%,
ol al, o,

where (j=i) — column j number corresponding to the current k number .

Equation (13) is a differential equation for the -th current, which is presented in
the form of a Cauchy problem. However, the use of equations in this form for a
mathematical model requires significant computational resources, because at each step
of solving the system of equations of the form (13), it is necessary to find the
determinants of the components of the numerator and denominator, the elements of
which depend on the state of the magnetic system of the motor. Therefore, it is proposed
to reduce the order of the mathematical model without simplifying the determinants.

The model parameters have been identified for the most common type of
synchronous traction motor — a synchronous reactive motor with permanent magnets.
Fig. 2 shows the calculation area for a synchronous reactive motor with a non-sectioned

rotor, and Fig. 3 — with a sectioned one.
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Fig. 2 Finite element mesh of a synchronous jet motor with non-sectioned
permanent magnets: a — general view; b — permanent magnet zone

Each of these types has its advantages and disadvantages, however, the decision
on their further application is possible only on the basis of a comparative analysis of
dynamic characteristics. The parameters of all engines are the same and are given in
(tab. 1).

Identification of model parameters (13) includes establishing the dependence

lPA, LPB, e , and on the one hand, generalized

between the flux linkages of the phases
coordinates, and their derivatives on the other. The elements of the magnetic systems of
the considered synchronous engines due to high use have areas with saturation
significantly greater than 2 Tesla. Therefore, to obtain the dependences of the flux
linkages on the angle of rotation of the rotor, a set of digital experiments is carried out to
calculate the magnetic field. To obtain the value of the flux linkages, it is proposed to
carry out calculations of the magnetic field in a two-dimensional formulation using the
finite element method in the plane-parallel problem formulation. According to the
results of the magnetic field analysis, the value of the flux linkages of the engine phases

and the value of the electromagnetic moment are determined.
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Fig. 3 Finite element mesh of a synchronous jet engine with sectioned permanent
magnets: a — general view; b — permanent magnet zone

The angle of rotation of the rotor should be changed rationally in the interval from

0to 27/ P where p — number of pole pairs.
The currents in the stator windings should be changed rationally in the intervals

-1,21 121 (0.2.0.35) 'quax, where lymas _ maximum value of

from Pmax {0 smax with a step of
the current in the phase.

According to the results, the values of the flux linkage of the stator phases and the
electromagnetic torque of the motor were obtained using the methods [8 - 10] and the
FEMM software package [8, 10].

The results of the magnetic field calculation are shown in Fig. 4 — for a non-
sectioned rotor, and Fig. 5 — for a non-sectioned one.

Regression analysis of the obtained flux linkage dependencies will be carried out
using a special polynomial function. When choosing the second type, the following tasks
were mastered:

- the proposed function should have a fairly simple form of analytical partial

derivatives in all coordinates;
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Fig. 4 Results of calculation of the magnetic field of a synchronous jet motor with
non-sectioned permanent magnets in nominal mode: a — general view; b — zone of
permanent magnets.
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Fig. 5 Results of calculation of the magnetic field of a synchronous jet motor with
sectioned permanent magnets in nominal mode: a — general view; b — zone of permanent
magnets
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- the function and its derivatives in the angle of rotation of the rotor at the

beginning and end of the interval on which the approximation is performed should be
the same;

- the dependence of the proposed function should take into account changes in
currents not only of its own, but also of neighboring phases.

Taking into account the above, the proposed regressive function has the form
' =W§:|:(_n iZaaijk A -...-i;jx
x cOS( p|y)+(iiiabuk it -...-i;jsin( ply)}

+w§§éacuk ST | ”
where w— number of turns of a phase, p — number of pole pairs for the motor,
a@ijk. abije. aCijk - Daji Db DCijk - Caijk . Dijk CCijk_ ¢ pefficients of the polynomial for phases
1, 2 and 3, respectively, determined using Chebyshev polynomials on a set of equidistant
points; the number of turns of the winding of one phase; the angular frequency of the
first harmonic of the flux.
The function of the motor torque has the form

M, =i[(iizma”k i .jx

1=L| \ i=0 j=0k=0

Zn:Zmbijk Ill |2J I,\kA)SIn( p|7/):l+

n
i=0 j=0k=0

x cOS( ply)+(

3 .k
+§j§m§)mc”k RN Y I | (15)

where M@k MPijic Meijk = coofficients of the polynomial determined by the Chebyshev
method on a set of equidistant points.

To determine the coefficients of the approximating polynomial, it is proposed to
use a method based on Chebyshev polynomials on a set of equidistant points [4, 5].

The rational order of the regression model describing the digital experiment is

proposed to be determined based on the evaluation of the approximation results and its
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subsequent comparison with the experimental results using the maximum deviation

criterion.

The results obtained from the regression analyses indicate that with an increase in
the content of higher harmonics in the polynomial, the error value decreases. The
approximation with n=3 and |=6 for the two considered designs is rational, while the
maximum deviation is up to 2.62 % for a non-sectioned rotor and 2.79% for a sectioned
one, which is acceptable.

Thus, based on the results of magnetic field calculations and subsequent
regression analysis, polynomial dependences of the derivatives of flux linkages on
current and angular coordinate were obtained, which make it possible to identify a

generalized mathematical model of a synchronous traction motor.

Conclusions.

1. Based on the generalized mathematical model for electromechanical systems, a
mathematical model of a synchronous traction motor of a metro car has been developed.
The model is based on solving the Lagrange equation for an electromechanical system,
taking into account the geometric features of the magnetic system of the rotor and stator
of the motor, as well as the nonlinearity of the magnetic system.

2. A special regressive approximating function has been developed, the feature of
which is the following: a simple form of analytical partial derivatives in all coordinates,
the function and its derivatives in the angle of rotation of the rotor at the beginning and
end of the interval on which the approximation is made are equal; the dependence of the
proposed function must take into account changes in currents not only of its own, but
also of neighboring phases.

3. According to the results of numerical experiments on the calculations of the
magnetic field by the finite element method in the plane-parallel formulation of the
problem and subsequent regression analysis, five-dimensional polynomial dependences

of the derivatives of flux linkages and torque on current and angular coordinate were
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obtained, which make it possible to identify a generalized mathematical model of a

synchronous jet traction motor, both with a non-sectioned and sectioned rotor, for a
metro car.

4. When conducting regression analysis, the rational order of the function
approximating the flux linkage of the motor phases and its derivatives, as well as the
electromagnetic torque, was determined for the first time. For a synchronous jet motor
with permanent magnets, the following were determined: the number of harmonics is 7,
the degree of the polynomial is 3 with a maximum deviation of 2.62% for a non-

sectioned rotor and 2.79 for a sectioned one.
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