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Abstract. The paper proposes a method for determining the optimal trajectory of movement along a
section of the metro car track to apply a method based on solving the problem of determining the optimal
values of the speed limit for each section of the path. It is proposed that the energy consumed from the
intermediate circuit can be chosen as a criterion for solving the conditional minimization problem.
However, for the full identification of the parameters of the problem, it is necessary to determine the
efficiency dependencies in the electric motor and traction drive as a function of the torque on the shaft
and the rotational speed. An algorithm is proposed for determining the efficiency dependencies of the
traction drive and traction synchronous motor, which takes into account power losses from higher
harmonics of the traction inverter.
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BU3HAYEHHS EHEPTOOIITUMAJIBHOI TPAEKTOPII PYXY
METPOBATI'OHY HA NIJICTABI BUPIIIEHHS 3AJTAYI YMOBHOI1
MIHIMI3AILIT

Anomauin. Y pobomi 3anpononosano axocmi memooy SU3HAYUEHHS ONMUMANbHOI MPAEKMOpIi pyxy no
OIIAHYT KON Mempo8azony 3acmocy8amu Memoo HaA NiOCmasi eupiuleHHs 3a0ayi BU3HAYEHHS.
ONMUMATTLHUX 3HAYEHb 0OMENCEHHS WUBUOKOCMI 34 KOJHCHOIW OLIAHKOI WINAXY. 3anponoHo8aHo enepairo,
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WO CNOACUBAEMBCSL 3 NPOMIJICHO20 KOHMYPY MOJICIUBO 00pamu y AKOCMI Kpumepito upiulenHs 3a0a4i
YMOBHOI minimizayii. OOnak 011 noenoi idenmuixayii napamempis 3adaui HeOOXIOHO GU3HAUUMU
sanexcnocmi KK/ y enekmpoogueyni ma ms2080my npugooi sk (yHKYii MOMeHmy Ha 8a1y ma 4ydacmomu
obepmants. 3anponoHosano areopumm euzHavenHs sanedxicnocmeil KKJ/[ msaeosoeo npusody ma mseo6020
CUHXPDOHHO20 O08USYHA, WO B6PAX0B8YE GMPAMU NOMYICHOCMI BI0 BUWUX 2APMOHIUHUX MA208020
ineepmopa.

Knrwowuoei cnosa: 6azon mempononimeny; msaco8uti Npueood, ONMUMAIbHA MPAEKMOPIsL PYXY Memponoizoy;
KKJ[ macosozo oeueyna, ymosna minimizayis

Introduction.

To solve the problem of optimal motion, it is proposed to use optimization based on
the criterion of minimizing energy consumption. This approach allows us to determine the
optimal law of change of maximum speeds on different sections of the track along which
the train moves. Further, based on the solution of the problem of multiparameter
conditional minimization, a schedule of train movement on the track section is constructed,
taking into account the restrictions on the time of movement and the operating modes of
the traction drive, in particular, on the power and conditions of wheel-rail adhesion. The
results of the calculations make it possible to determine the requirements for the use of
energy storage systems in subways

Analysis of previous research.

The theory of optimal control remains one of the most dynamically developing and
relevant areas of modern science. It serves as a powerful mathematical tool for solving
complex control problems, including the regulation of the movement of electric rolling
stock in railway transport systems. As emphasized in [1], the theory of optimal control is a
mathematical discipline with wide application in science and technology. The basis of
control theory is the optimization problem [2], where the control variable is considered as
an abstract entity, the goal of which is to maximize expected benefits (or minimize costs)
over a given time horizon. A clear example of this principle can be observed in train traffic
control systems. Considering the problem of controlling electric rolling stock on a certain
section of track, the goal is to ensure that the train moves according to a specified
movement program, arriving at the final station as close as possible to the scheduled time.

The movement program consists of a sequence of actions, each of which is associated with
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certain costs - primarily path costs (energy consumed by the electric traction system) and

terminal costs (deviation from the schedule). Optimal control in this sense involves
choosing a sequence of control commands that direct the electric rolling stock to its
destination with minimal energy consumption. If (X) denotes the state space of the system
(e.g., position and velocity), the optimal control law can be expressed as a function that
depends on both the current state of the system and time [2, 3].

A significant problem in stochastic control problems is their computational
complexity, which increases exponentially with the increase in the number of possible
states of the system. This is a result of the need to represent the state of the system in a
discrete coordinate space, which leads to a large number of calculation points and an
increase in computational resources [2]. To solve this problem, the Hamilton-Jacobi-
Bellman equation is used, in particular, through the inverse Bellman approach, which
allows obtaining an optimal solution with a feasible amount of calculations. This approach
is especially effective for discrete transformations of systems in real time [2]. Given that
the optimal control problem is formulated in continuous time, its implementation and
interpretation in real time are of critical importance.

Dynamic programming serves as a fundamental tool for optimizing multi-stage
processes, such as the movement of a train along a track segment. At each stage (or
section), a partial optimization problem is solved using functional analysis methods or
Lagrange multipliers. The strategy for obtaining the optimal solution involves taking into
account the state of the system at the previous stage and selecting the most effective
control parameters for the next. Among the dynamic programming approaches, the forward
and backward pass methods, as well as methods derived from the Bellman optimality
principle, are most often used in transport problems [5,6]. According to [7], although
continuous-time problems can be solved using classical approaches such as the Lagrangian
method and nonlinear programming, discretization of the problem — by dividing time or
distance into a finite number of intervals — allows the development of real-time or spatial
models suitable for use as expert systems in electric rolling stock management. In this
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context, the time domain is segmented into a limited number of discrete intervals.

The research presented in [8,9,10] shows that the straight-through method is the
most computationally efficient. Its algorithm for determining the optimal train operation
mode involves sequentially calculating the speed values at the endpoints of each section.
These values determine the slope of the tachogram and the initial conditions for finding the
slope on the next section. However, dividing the route into only three sections with
constant traction does not properly take into account changes in the track profile or the
nonlinear relationship between traction and train speed. Increasing the level of
discretization, as proposed in [7], significantly increases the complexity of the
mathematical model and the number of computational iterations required to solve the
traffic optimization problem. This effect is especially pronounced on sections with
complex track profiles or speed restrictions. Therefore, the determination of the operation
modes in this study is carried out using multi-parameter constrained minimization

methods.

Problem statement.
The aim of the work is to determine the optimal trajectory of the metro car on the
sections of the track between stations, taking into account the track profile and the radii of

curved sections.

Research results.

Objective function for determining the optimal parameters of the optimal movement of
a metro car along a section of the track. One way to solve the problem of determining the
optimal trajectory of movement along a section of the track is to solve the problem of
determining the optimal values of the speed limit for each section of the track, which is
given in [10]. Let us consider the main methods that form the basis of this approach.

Unconditional optimization methods are designed to find the extremum of an objective
function with several variables f(x), where x = (x, x5, ..., x,)Tis a column vector of real
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variables, which can also be considered as a point in n-dimensional space x € R™. Here

and further n is the number of variables, which determines the dimension of the parameter
vector.

Vector x = v,,,4, consists of components of maximum speeds along the route section.
Route sections should be rationally selected within the route with the same parameters of
traffic resistance and requirements for the established maximum speeds or modes of metro
train traffic.

Thus, the current speed of the metro car on the section of the track must comply with
the conditions

V(t) < Vinax (S(8)), (1)
where S is the distance traveled, tis the time of movement.

As an efficiency criterion, the value of energy consumption during the movement of
the train along the track section is proposed, which can be determined based on the results
of solving the traction problem.

Let us consider the main steps of solving the traction problem. When creating a model
of the movement of a metro train on a section of the track, it is assumed that the train is
modeled as a chain of solid bodies connected by an absolutely rigid connection. This
increases the accuracy of calculations of the forces of resistance to movement [12]. The

system of equations of motion has the form

d
=2 — (Wi +ww) = b)

dt
, 2)
as _y

dt

&— coefficient that takes into account units of measurement, p— coefficient that takes
Into account rotation of the crew unit components, f;— specific tangential force of the
locomotive in traction or electrodynamic braking mode; w;— specific resistance force of
motor cars; wy,— specific resistance force of non-motor cars; b— specific braking force of

pneumatic brakes.
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The specific tangential force of the locomotive in traction or electrodynamic braking

mode was determined by the expression

Fy,
fL == . n y
2Re1 MLk+Z]__1 Mwy;

(3)

where F;is the tangential force in traction or electrodynamic braking mode; M;is the
mass of the locomotive section; s is the number of locomotive sections; M, ;is the mass of
the wagon, n is the number of wagons.

The tangential traction force of a metro car can take any value in the traction domain
[3].

The specific resistance to the movement of the locomotive and wagons was determined
by the expression

W= w, +wj + wp, (4)

where w,— the main specific resistance to movement, w;— the additional specific

resistance to movement from the slope, w,— the additional specific resistance to movement

from movement along the curve, w,— the additional specific resistance to movement from
movement by cars.

Calculation formulas for determining resistivity, as well as recommendations for their
application, are presented in [ 3].

As mentioned earlier, to improve the accuracy of the drag force calculations, the train
was modeled as a series of rigidly connected bodies. According to this approach, the drag
caused by gradients and curve motion was calculated separately for each car or section of
the metro train. A car was considered to be completely located on a given section of track
when its center of mass was within that section.

The metro train movement model is supplemented with a traction force regulator in the
form of

Fl, V< (Vpax —AV)
F={0, (Vigax —AV) <V < Ve, (5)
—F, V> (Vipax + AV)
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where V,,.xIS the permissible speed of movement, AVis the zone of “insensitivity” [10]

In this case, the intensity of the change in the thrust force depends on the current speed

and was determined by the expression [11]
AF
(A_t)max' V< Vmin

= ©)
at kF (E) , Vmin SV< (Vmax - AV)
At/ max

AF

where V,iniS the minimum regulation speed, (Z—IZ) IS the maximum intensity of
max

change in the tangential force speed, kris the intensity reduction coefficient.

In the electrodynamic braking mode, the increase in tangential force occurs with
maximum intensity. This description of the change in tangential force in a certain sense
corresponds to manual control of an electric locomotive.

The tangential power was determined by the expression

P.=FLV (7)

Thus, expressions (1)-( 7) constitute a mathematical model of train movement on a
section of the track.

The power consumed from the intermediate circuit by one traction inverter is

determined by the expression
Ppcy =T (1%, + APGB) (8)
where r— the number of traction electric motors powered by one inverter ; Pr—
tangential power, AP;g— losses in the traction gearbox, ; n.,— efficiency of the traction
drive (further in the work this efficiency takes into account the traction inverter and the
traction motor).
Due to the fact that the synchronous traction drive considered in the work uses a power

supply circuit with an individual inverter for each traction motor, the efficiency of the

traction motor - inverter link is considered as the concept of "traction drive efficiency".
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Taking into account the provisions of [10], the losses in the traction reducer in the
simplest form can be determined by the expression

Pr

APGB ~ APGBnom p
TMnom

9)
where AP;g,,m— l0Sses in the traction gearbox at the nominal power of the traction
electric motor;

Prymom— Nominal power of the traction electric motor.

Losses in a traction motor depend significantly on its operating mode. To simplify
calculations, it is advisable to calculate the efficiency of the electric motor and traction
drive in advance as a function of the torque on the shaft. and rotation frequency n =
fM ,n )y =fM ,n ).

The torque of the electric motor is calculated by the expression

_ FxpDkp + 30 4Pgp (10)

2UGB T Ny

where Fypis the tangential force realized by one axle, Dypis the diameter of the metro
car wheel , uggis the gear ratio of the traction reducer, ny,is the speed of the electric

motor, which is determined by the expression

_ 1000uggV
"~ 60mDkp

(11)

The calculation of losses in the traction motor was performed according to [10]. It
should be noted that when the traction motor is powered by a voltage inverter, losses from
higher harmonics of current and voltage occur in it. To calculate them, it is necessary to
know the spectral composition of the inverter voltage and the dependence of the motor
resistance on frequency, which is determined according to section 3.

The total power consumed for traction is determined by the expression

Np

Poc = Ppci— (12)

The energy consumed from the intermediate circuit was determined by the expression

Epc = J ppc(D)dt (13)
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where ppc(t)is the dependence of the power consumed from the intermediate power
circuit, Tis the duration of the movement.

Thus, the energy consumed from the intermediate circuit can be chosen as a criterion
for solving the conditional minimization problem. However, for a complete identification
of the parameters of the problem, it is necessary to determine the dependences of the
efficiency in the electric motor and traction drive as a function of the torque on the shaft
and the speedn = f(M ,n ), Ny =f(M ,n ).

To determine the dependences of the efficiency of the traction drive and the engine, a
method based on [11,12] was chosen.

The results of calculating the dependencies are shown in Fig. 1.
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Fig. 1- Optimal value of drive efficiency

Thus, based on the results of the calculations, the dependences of the drive efficiency
on the torque on the shaft and the speed of the traction motor were determined n =

fM n )N =fM ,n )
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The dependencies of the efficiency of the motor and drive have similar forms,

however, the efficiency of the motor, which is part of the efficiency of the drive, is slightly
higher, which is due to the inclusion of losses in the semiconductor converter in the
efficiency of the drive.

The dependencies decrease to zero in the near-zero torque region, which is due to the
reduction in drive torque and power. Also, the efficiency has limitations in the maximum
power region at high values of the rotational speed and torque modulus on the motor shaft.

Setting constraints when solving the problem of conditional minimization of train
movement along a section of the track. To formulate a minimization problem when
calculating traffic, it is necessary to introduce restrictions that determine the traffic regime
on the site.

The time of train movement along the track section is set as a constraint when solving
the problem

tmin < tend < tmax (14)
where [tmin tmax]iS the interval that specifies the permissible train movement time on
the track section.

The travel time is determined by solving the problem of the movement of a metro train
on a certain section of the track, represented by a system of two differential equations (2)
and (6). This system is solved by the fourth-order Runge-Kutta method under zero initial
conditions.

The permissible range of train travel time can be reasonably established based on the
given average speed on the section, which is determined by the traffic schedule and

technological processes of the transport enterprise:

(Xs—Xur)

i = 095", = (15)
Cty=Xer)

Emax = 1,01 227%)

Vsr
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where Xyis the total length of the line section, vg,is the average speed of movement

along the section, which rotates according to the passenger traffic load schedule in the
subway.

In addition, the parameters are subject to restrictions set by the train schedule on the
section of the track. This procedure must be followed on all sections.

Viin < Xy < Ui < Vpax (16)
where vpin, Vmax— the minimum and maximum speed on the track section.

From the safety conditions for movement in the metro, the maximum speed of
movement on directional sections of the track was chosen vy ,,= 80 km/ h , and the
minimum is vy,,,.= 1 km/h.

Thus, a list of constraints imposed when solving the conditional minimization problem
for a given average speed of the metro car has been formed .

Solving the problem of conditional minimization of train movement along a section of
the track

For each separate section of the inter-station run, it is proposed to carry out a separate
solution to the problem. Thus, the solution to the problem consists of solving individual
traffic problems on the inter-station runs.

To optimize train movement parameters, it is proposed to use the MATLAB software
environment (USA) in combination with the Optlab optimization package (Ukraine)
[7,8,9].

The conditional minimization problem is solved by the Weyl method with further
refinement of the obtained results by the Nelder-Mead method . These approaches have
demonstrated the highest efficiency in solving the problem, since they require the smallest
number of estimates of the objective function.

Weyl method search is determined by the vector of given speed values along individual
sections of the track. And the starting point for the Nelder - Mead method is the results of

the Weyl method search .
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The progress of solving the problem for the sections of the Saltivska line of the

Kharkiv metro from the “Kyivska” station to the “Akademika Barabashova ” station (Fig.
2 and Fig. 3) for a given average speed of 20 km/ h at full load of the metro train according
to the Weil method is shown in Fig. 2, and according to the Nelder - Mead method —Fig. 3,
respectively.

Having analyzed the curves of train movement along optimal trajectories on the inter-
station sections of the Saltivska line of the Kharkiv metro, the following was determined
(Fig. 4). Due to the small distance between stations, which does not exceed 2400 m, the
movement of the metro train is optimally carried out in modes close to the traction forces
and braking close to the maximum values of the traction motor efficiency. Partial traction
force is observed only in minor sections while maintaining the specified maximum speed.
On a number of sections, the set speed does not reach the limits for v,,,,, which is due to
the limitation of wheel-rail adhesion. But the value v, determines the maintenance of the

change in the intensity of the traction force (6) at the level necessary for train movement.

60 F

50F

40

20

10-—2

Fig. 2 — Trajectory of search by the Weyl method for optimal values of given speeds
along sections 1,2 of the path from the station “Kyivska” to the station “Akademika
Barabashova ”: black line — optimal trajectory, gray line — steps that are not optimal, circle
— starting point of search, rhombus — end point of search.
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Conclusions. 1. As a method for determining the optimal trajectory of movement

along the section of the metro car track, apply a method based on solving the problem of
determining the optimal values of the speed limit for each section of the path.

It is proposed that the energy consumed from the intermediate circuit can be chosen as
a criterion for solving the conditional minimization problem. However, for the full
identification of the parameters of the problem, it is necessary to determine the
dependences of the efficiency in the electric motor and traction drive as a function of the

torque on the shaft and the speed n = f(M ,n )y = fF(M ,n ).

T

| I
16.72 16.74 16.76 16.78 16.8 16.82 16.84 16.86 16.88 16.9 16.92

Fig. 3 — Search trajectory using the Nelder - Mead method of optimal values of set
speeds along sections 1,2 of the path from the station “Kyivska” to the station “Akademika
Barabashova ”: black line — optimal trajectory, circle — starting point of search, rhombus —

end point of search.
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Fig. 4 — Results of solving traction problems according to the optimal schedule of
movement of track segments from “Kyivska” to the station “Akademika Barabashova ” :
turquoise line — set train speed on the track section, km/ h, green line — train speed, km/ h ,
red line — tangential traction force, N - 10 4, blue line — energy consumption consumed
from the intermediate circuit kW - h - 0.5, black line — directed track profile, m

An algorithm for determining the dependences of the efficiency of the traction drive
and the traction synchronous motor is proposed, which takes into account power losses
from higher harmonics of the traction inverter. The dependences of the efficiency of the
traction motor and the drive have similar forms, however, the efficiency of the motor,
which is part of the efficiency of the drive, is slightly higher, which is due to the inclusion
of losses in the semiconductor converter in the efficiency of the drive.

The dependencies are reduced to zero in the torque zone close to zero, which is due to a
decrease in the torque and power of the drive. Also, the efficiency has limitations in the
maximum power zone at high values of the rotational speed and torque modulus on the
engine shatft.

A list of constraints imposed when solving the conditional minimization problem for a
given average speed of the metro car has been formed.

The problem was solved using the Weyl method with further refinement of the results

obtained by the Nelder-Mead method. These approaches demonstrated the highest
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efficiency in solving the problem, since they require the smallest number of estimates of

the objective function.

2. Having analyzed the curves of train movement along optimal trajectories on the
interstation sections of the Saltivska line of the Kharkiv metro, the following was
determined. Due to the small distance between stations, which does not exceed 2400 m, the
movement of the metro train is optimally carried out in modes close to the traction forces
and braking close to the maximum values of the efficiency of the traction engine. Partial
traction force is observed only in small sections while maintaining the specified maximum
speed. When stopping the metro train, it is optimal to use regenerative braking, which is
characterized by a negative value of the traction force and a decrease in energy
consumption for the train's traction. The reduction in energy consumption determines the
level of energy that can be used for accumulation in the on-board energy storage. It is the
maximum level of reduction that determines the energy intensity of the on-board energy
storage. The results of determining the recuperation energy for inter-station runs are
determined.

3. It has been established that the power of the traction drive, which determines both
the dynamics of train movement and the requirements for the storage device, is at a level
close to the maximum values for the traction drive — 2199 kW, which is due to the high

efficiency of the drive in modes close to the maximum maximum power mode.
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