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PROCESS ANALYSIS IN SINGLE-PHASE HALF-BRIDGE INVERTER
BASED ON EXTENSION OF DIFFERENTIAL EQUATIONS

In the artical a method for calculation of steady-state processes in inverters with sinusoidal outputs
is considered. The method is based on expanding of a differential equation with one time variable to a
partial differential equation with two independent time variables and on using the two dimensional Laplace
transform. The obtained solution is determined a periodical steady-state process in a domain of two
variables of time.
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Y cmammi npeocmasneno memoo po3paxymky SUMYWIEHUX Npoyecie 6 ineepmopi 3 6UXiOHOI0
cunycoioanvholo Hanpyeor. Memoo 6azyemvcs HaA po3uwupenHi Oughepenyitino2o pIGHAHHA 3 OOHIEID
SMIHHOIO 4Yacy y PpIGHAHHA 3 YACMUHHUMU HOXIOHUMU 3 O0B80MA HE3ANEHCHUMU 3MIHHUMU Yacy ma
3acmocyganni 06oMipHo20 nepemeopenns Jlaniaca. Ompumane pitienns 6UHAYAE SUMYULIEHUL NePIoOuYHULL
npoyec y npocmopi 080X 3MIHHUX HAC).

Knrouoei cnoea — sumywenui npoyec, ineepmop, po3uiuperus oughepenyitinozo pieHAHH:, 080MIpHe
nepemeopenns Jlannaca.
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Introduction

Single-phase half-bridge inverters with sinusoidal outputs formed by a pulse-width modulation
(PWM) are widely used in different energy systems. One of methods used to form harmonic output signals is
based on comparing of a triangular carrier voltage with a low-frequency sinusoid. Processes in a load of the
inverter which is shown in Fig. 1 are described by complicated functions. In order to analyze such processes
a method based on using of the double Fourier series [2] is used. This method describes an output voltage of
the inverter in form of a double Fourier series. A further analysis is provided in the domain of one variable of
time.
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Fig.1. The topology of the inverter
In order to find a periodical steady-state process in a circuit of the inverter one can use the method of

expanding a differential equation in a domain of two independent variables of time [1].
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Fig. 2. Waveform of the output voltage of inverter in the domain of two time variables

In that case, as it has been shown in [4], a periodical steady-state process can be calculated in the
circuit of the inverter with PWM formed by comparison of a sawtooth ramp voltage and a sinusoidal voltage.

The subject of this article is to spread the method for another case, when sinusoidal output voltage is
obtained by a double side modulation of the output voltage as shown in Fig.2. The method is based on an
expanding of the differential equation by introducing an additional independent time variable and the use of
the two dimensional Laplace transform [3]. The steady state process calculated by the use of obtained
expressions is compared with calculations of the differential equation with partial derivatives.

Mathematical model

We find a steady-state current in the inverter shown in Fig. 1. A control circuit CS generates control

signals by comparing the sawtooth ramp voltage and sinusoidal voltage. These signals turn on and off

switches S, and §, in the opposite phase. We assume that switches are ideal and the load is linear.
Processes in the load of the inverter are described by the differential equation

LD Ry +u). )
dt

where: () is a current, u(¢) is an output voltage of the inverter.

The output voltage is periodical in the domain of two time variables: 0<¢<7, 0<7<0, as
shown in Fig.2. Therefore, it is expedient to expand the domain of the differential equation (1) from one
independent time variable ¢ to two independent time variables ¢ and 7 [3, 5] in following way
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Transition from (1) to (2) is realized by the introduction of one more derivative with respect of the new time
variable.
We use the two-dimensional Laplace transform [1]

F(s,q)= TTf(t,T)e_”_q’drdt

in order to convert the differential equation (2) into an algebraic equation.
Let U(s,q) and I(s,q) be images of the voltage u(¢,7) and current i(¢,7). Applying the two
dimensional Laplace transform to (2) one obtains the following

—Ri(t,7)+u(t,7). )

Lis+q)I(s.9)=~RI(5.9)+U(s5.9). 3)
We assume that boundary conditions equal zero, i.e. i(¢,0) =i(0,7) = 0. Solving (3) for I(s,q) gives
Uls,
I(s.q)= D) )
L(s+q)+R
The voltage u(¢,7) is periodical

u(t,t)=u(t+7T,7+0),
s0, by using the formula

S ey

®
j F(t,0)e™ " drdt
0

F(s,q)=
0= Ty ey
one finds an image of a periodical function. Taking into account the form of the voltage u(¢,7), the image
U(s,q) is calculated as follows

U(s,q)
(I-e*)1-e®)’

U(s,q)=
where
_ TO
0(s.q)= [ [ute, e dadr =
00

T o+K cos ot U T
e—st J.Ue—qrdz_dt — _J.(eq(0'+Kcosa)t) _ e—q(o‘+Kcosa)t) k_Stdt ,

—o—K coswt q 0

S ey

27

= bl ; U is a constant voltage that equals 2E'.

In order to find the original to (4) we calculate residues at singularity points of the image /(s,q)

R
s=—q——, 5
9= (5)
s, =tjnw, n=0,1,2,.., (6)
q: =0, q,, =+tjmQ, m=0,1,2,.., 7
where sz—ﬂ.
®

We do not take into consideration the integral

T
I(eq(a+Kcoswt) _ e—q(cr+Kcosa)t) k_mdl

0
since it has not singularity points. We also do not take into account the pole (5) since this pole defines a
transient process.
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Let us find the steady-state process for /(s,q) . Calculating the residue at the point q2 =0, s=0

lim{s lim[di (qzl(s, q)e’” )}est} _ 20U
q

s—0 q—0 B @R '

The obtained result corresponds to constant factor of double Fourier series. We shall not further take
into consideration this value since a constant value of the inverter output voltage must be zero.

we get

Now we calculate the residue at points ¢° =0, s =+ j@

io(t.7) = 2Re lim{(s - jo) 1irg{di(q21(s,q)e“ )}e”} _ 2RUcoster —¢1)
s jo q—> q

OJ(R + 0’ 1)

oL
where @, = arctg?.
This result corresponds to the first harmonic of the output current. The calculation of residues at
points g =0, s =t jnw for n=2,3,.., gives that they equal zero.

Calculating residues at points s =0, g =+ jmQ for m =1, 2, .. one obtains as follows

i (1,7) = 2Relimis lim [((¢ — mQ)I(s. q)e" e =

Mcos(mQr -, m)sin(mQJ),
mnz,,, ’
where J (mKQ) is the Bessel function of the first kind; Z,, = R2+(mQL)2;

mQL
B = arcth.

Calculating residues at points s =+ jnw, n=1,2,.., g =1t jmQ for m =1, 2, .. we get
i,,(t7)=2Re lim {(s— jnw)2Re limg[((q — jm)1(s,q)e’” )]e‘” }:
S jnw q—>jm

AUJ (mKQ)sin(mQo +n)
2. {\/ R* +(anL)* cos(not o, )cos[mQr]+

mmZ o

mQLsin(not + gon’m)sin[mQ r]}

where

7, =R + L*(n@)? - (m)* | + 2ALRY (o) + m©?].
R + 2 (m*Q% — n’w?) Lna|R* + IX(n*0’ — m*Q%))
, 0, =arctg 3 5 5 .
2RLnw ’ R|R* + I (n*0* + m* Q)|
The steady-state current corresponding to solution of (2) has the form

i(t,7) = i iin,m (t,7) .

n=0 m=0
m#0 n#0

(on,m = arCtg

In this expression the constant value of the current is not taken into account, since the output voltage
of the inverter has not the constant component.
Results of calculation
Let us find the steady-state process for element values: R=1Q; L=04mH; E=1V;

T=20ms; ®=T/100ms; K = 0,1330ms ; o =0,40ms . The time waveform of the steady-state load
current in the space of two time variables for n =1,2,3,4 and m =1,2,3 are shown in Fig. 3.
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Fig.3. The steady-state current i(¢,7) in the domain of two time variables

In order to estimate the results obtained by the proposed method, one can calculate the transient
process. After roughly three time constants, i.e. L/ R, obtained results will correspond to the steady-state
process. The time waveforms of the steady-state current for proposed method and after calculation the
transient process are shown in Fig.4.
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Fig.4. The steady-state currents i(¢,7) in the domain of two time variables

The surface 1 corresponds to results obtained by the proposed method and the surface 2 corresponds
to results obtained after the calculation of the transient process. Comparing obtained results one can conclude
that they well coincide.

The time waveforms of current i(¢) in the domain of one time variable (¢ =7 ) is shown in Fig.5.

i(0)
(4]
0.4}

0.2 ULWWML’MW

Fig.5. The steady-state current i(¢) for t =7

As one would expect the first harmonic dominates in the steady-state current.
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Conclusions
In this paper the method for finding of steady-state processes in circuits of the inverter with the
sinusoidal PWM control has been presented. For finding the periodical steady-state process the ordinary
differential equation with one time variable has been extended to the partial differential equation with two
time variables. The obtained equation has been solved by the use of the two-dimensional Laplace transform.
The calculated process obtained by the proposed method has been compared with the process
obtained after the calculation of the transient process.
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B cmamve paccmompen memoo pacuema ycmaHOBUBUWIUXCA NPOYECCO8 8 UHBEPIOPE C BbIXOOHLIM
CUHYCOUOATLHBIM HAnpsdcenuem. Memoo ocHogbieaemcs Ha pacuupenuy OUp@epenyuarpioco ypagHenus ¢
OOHOU nepemMeHoll 6peMeHl 00 YPABHEHUs 8 YACTHBIX NPOU3BOOHBIX C O8YMSL HE3ABUCUMBIMU NePEMEHHbIMIU
8peMeHU U HNpUMEHeHUuu O08yMepHo2o npeobpaszosanus Jlannaca. Illonyuennoe peuienue onpeoensem
nepuooudecKull yCmanos8USUIULLCS NPOYECc 8 NPOCMPAHCMEe 08YX NEPEMEHHbIX BPEMEH.

Knrwouesvie cnosa — ycmanosugwuiicss npoyecc, uHeepmop, pacuupenue oupgepenyuanbHo2o
ypasHenus, 08ymepHoe npeobpazosarue Jlaniaca.
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